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Nonlinear Panel Response by a Monte Carlo Approach
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The vibration of clamped and simply supported elastic panels due to subsonic and supersonic turbulent boundary-
layer flows is investigated by a Monte Carlo technique. The resulting generalized random forces are simulated
numerically from boundary-layer turbulence spectra and the response analysis is performed in time domain.
The mutual interaction between panel motion and external and/or internal airflow is included. Response studies
are performed with respect to rms response, probability structure, peak distribution, threshold crossing and spectral
density. The effect on the response statistics of in-plane loading, static pressure differential and cavity pressure is
investigated.

Nomenclature
a = plate length
a^ = velocity of sound, external flow
ac — velocity of sound, cavity flow
b = plate width
btj = nondimensional modal amplitude
D = E/z3/12(l - v2), plate stiffness
d = cavity depth
E = modulus of elasticity
i = imaginary unit (—1) 1 / 2

h = plate thickness
kltk2 = wave numbers in x, y directions, respectively
M = Mach number, uja^
r,n = mode numbers
q = \p^ Uao2> dynamic pressure
t = time
T = period
uc = convection velocity
u^ = mean external flow velocity
w = plate deflections
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x,y,z = spatial coordinates
f = boundary-layer displacement thickness
f * = boundary-layer thickness
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pm
p^
pc
i
CD

1. Introduction

IN Refs. 1-5, parametric studies were performed on nonlinear
panel response and panel flutter using a time domain analysis.

In Ref. 3 the boundary-layer turbulence was limited to gaussian
white noise while in Ref. 5 the analysis considered only two
streamwise modes. Simply supported boundary conditions were
assumed in all of these cases. This paper is mainly concerned
in studying statistical properties of nonlinear panel response to
more realistic models of boundary layer turbulence and extending
the analysis to clamped support boundary conditions.

A Monte Carlo technique is employed for the response analysis
of panels undergoing large deformations under subsonic and
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Fig. 1 Power spectra of boundary-layer turbulence.

supersonic turbulent boundary-layer pressure excitation. The
mutual interaction between panel motion and external and/or
internal airflow is included. The random pressure field from
boundary-layer turbulence is taken as a stationary and homo-
geneous multidimensional gaussian random process having a
mean value equal to zero. The random pressure is characterized
by a power spectral density for which empirical expressions are
presented in Ref. 6 for subsonic flow and in Ref. 7 for supersonic
flow. Sketches of these spectra are shown in Fig. 1 while the
empirical expressions are given in Sec. 3. Utilizing this
information and simulation techniques of random processes5'8'9
time and space histories of turbulent pressure are produced.

Response studies with respect to rms response, probability
density function, peak distribution, threshold crossing and
spectral density are performed. The effect of dynamic pressure,
cavity pressure, in-plane loads, static pressure differential on
panel response and response statistics is investigated for simply
supported and clamped panels. Numerical examples are
presented for subsonic and supersonic flow regions.

2. Panel Response
The deflection of an elastic panel immersed in a fluid flow and

having geometric nonlinearity can be described by two nonlinear
partial differential equations which are given in Refs. 1-3. In
solving these nonlinear equations, plate deflection w is expanded
in terms of orthogonal eigenfunctions corresponding to a linear
plate model

(1)

in which brn are response amplitudes and Xr are eigenfunctions
which can be represented by sin (rax/a) for a simple support
boundary condition and by cos[(r— l)nx/d] — cos[(r+l)7ix/a]
for a clamped plate. After the required stress functions are
evaluated,2'10 the assumed solutions are satisfied in Galerkin
sense by computing integral average weighted in turn by each
term of Eq. (1). The result is a system of simultaneous nonlinear
integral-differential equations for bmn(t) which involve general-
ized forces corresponding to external flow, cavity flow and
boundary-layer turbulence. The generalized forces for cavity and
external aerodynamics due to panel motion are described in
detail in Ref. 4, while the generalized random forces from
boundary-layer turbulence are given in Refs. 5 and 11. By
assuming piston theory aerodynamics for the external supersonic
flow and the shallow cavity approximation, the integral-
differential equations reduce to a system of nonlinear differential
equations which are solved numerically by a Monte Carlo
technique.

The computation of generalized random forces as described
in Ref. 11 could be time and cost consuming. To reduce

computation time and improve accuracy, Fast Fourier Trans-
form (FFT) techniques can be utilized.12 Furthermore, when the
simulated generalized random forces are ergodic, the ensemble
averages can be replaced by temporal averages thereby reducing
computation time.

The purpose of using random process theory in panel response
analysis is to be able to judge the survivability of the panel under
random excitation such as boundary-layer turbulence or jet noise.
An elastic panel responding to random excitation acts as a "filter"
passing frequencies in the vicinity of the natural frequencies of the
panel. For a linear response this is evidenced by sharp peaks
in the response spectrum at each natural frequency of the panel.
However, when the response is nonlinear, resonance does not
occur in the same manner as for linear response. Here the
response amplitudes are limited and response frequency is a
function of amplitude.5 Furthermore, when fluid/solid inter-
actions are included and a flutter ondition is reached, the response
spectrum exhibits a distinct peak at the flutter frequency. Even
though a considerable amount of work has been done on non-
linear panel response and flutter, it is not clear how this "non-
linear filtering" phenomenon affects statistics of panel response
with regard to probability density function, peak distribution,
threshold crossing, and spectral density.

The simulated generalized random force is gaussian by virtue
of central limit theorem and for a linear system the distribution of
response amplitude is also gaussian. However, for nonlinear
system, the response is non-gaussian and no simple analytical
technique is available to determine response probability
structure. For this purpose numerical procedures need to be
developed to produce histograms for probability density
function.

Although design of panels to random inputs might be
customarily concerned with the largest values of response,
distribution of all responses becomes important when the
question of fatigue arises. For this purpose the statistics of
threshold crossing and peak distribution of panel response are
required. To obtain threshold crossing, information from joint
distribution of response processes w and w is needed. Similarly,
peak distribution is obtained as soon as the joint distribution of
w, w, and w is known. For nonlinear response analysis, this
information is not available in a closed form. Thus, numerical
techniques were developed to obtain response crossing at a
specified threshold level and distribution of maximum and
minimum peaks.

To obtain spectral density of panel response process, Fast
Fourier Transform techniques were utilized. The finite Fourier
transform of w(tn) at discrete frequencies cok can be written as

w(t»)exp [-W(co T)

/ c = l , 2 , . . . , W (2)
in which T is period and tn = nAf with Ar being the time interval.
Then, the numerical estimate of response spectral density at FFT
discrete frequencies is12

)\2 (3)

3. Boundary-Layer Turbulence
Most of the turbulent boundary-layer pressure data have been

digested into a power spectral density form. A considerable
amount of work, both theoretical and experimental, has been
carried out on this subject with regard to panel response, panel
flutter, and noise transmission.4"7 For the purpose of this study,
the semiempirical forms of cross spectra corresponding to
subsonic flow given in Ref. 6 and to supersonic flow given in
Ref. 7 were used for numerical computations. For homogeneous
turbulence, the cross spectra can be approximated by

S(£f/,G>) = S(co)\R(£,0,o>)||K(0,ri,co)\e-itoVu<Q ^a) < oo (4)
in which R(^trj,co) is the correlation coefficient and 5(co) is
spectrum.
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Fig. 2 Problem geometry.

For subsonic flow with an attached boundary layer, the
empirical representations suggested in Ref. 6 are

2 <s

S(co) = — {3.7<r2"+0.8e-°-47"-3.4e-8"} x 1(T5 (5)
Woo

R(^Q,co) = e-°'1(0^/Uc (6)
R(0,77,c0) = e"°-715w|*l/Mc (7)

where co = coC/w^ and the convection speed uc is assumed to be
independent of frequency. At u^ = 800 fps, ( = 0.157,

For supersonic flow the proposed empirical formulas in Ref. 7
are

S(co) =

R(Q,ri,co) = g-l"l/a2^* (10)
where co - cof*/^. At M - 2 and t^ - 1990 fps, C* - 0.91 in,
0^ - 1.22, a2 = 0.26, uc = 0.75 M^.

In the panel response study when simulation of random
processes is essential, it is necessary to take Fourier transform
of Eq. (4) with respect to £ and r]. Then, the one sided wave
number and frequency spectrums for subsonic and supersonic
flows are, respectively
S(ki,k2,co) =

*** TT ("»S(CO) 7i2{(0. \co/uc}2 + (co/uc + k,)2}"{(0:
5(^^2,0)) =

02 + ̂ 22)

4. Numerical Results
General Nature

As pointed out in Refs. 1-3, panel response to turbulent
boundary-layer excitation can be considered independent of
initial conditions, i.e., displacement and velocity. The response
may be expressed functionally as

w/h = w/h(£, rj, -c, a/b, M, p, ̂  //, Ac, a) (13)
in which o = nondimensional rms pressure of boundary-layer
pressure fluctuations, a = oca^p^ u^ /2hD, where a is a parameter
determined experimentally which can be taken equal to 0.0056
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Fig. 4 Time history of linear panel response.

for subsonic flow and to 0.005 for supersonic flow.14'15 In this
paper we considered a = 10 in., b = 20 in., h = 0.03 in. for
supersonic flow calculations and h = 0.02 in. for subsonic flow
calculations, pm = 0.1 lb/in.3, v - 0.3, E = 1 x 107 psi, M - 0.8
and u^ = 800 fps for subsonic flow, M = 2.0 and u^ = 1990 fps
for supersonic flow. Response was computed for ju/M = 0.0275
at ^ = 0.75 and r\ = 0.5 for supersonic flow, and u/M = 0.14 at
£ = 0.5, Y] = 0.5 for subsonic flow. The results were obtained for
several values of parameters A and a for various combinations
of in-plane loading, static pressure differential and cavity
pressure. Response calculations were performed using one mode
in the spanwise direction and six modes in the streamwise
direction.

Linear-Nonlinear Response and Cavity Effect
In Fig. 2 problem geometry for deflection response calculations

is shown. The panel is either simply supported on all four edges
or clamped on all four edges. Utilizing Monte Carlo technique,
time response histories of simply supported and clamped panels
were obtained. The time histories shown in Fig. 3 correspond to
nonlinear panel response and exhibit narrow band random
process characteristics with apparent vibration frequency at the
flutter frequency of the panel. In Fig. 4 time history of linear
response is shown for a clamped panel and supersonic flow. As
can be observed from this figure, linear response is a wide band
random process. This is due to the fact that several modes are
now excited by the wide band boundary-layer pressure field.
The rms response is plotted in Fig. 5 against A for supersonic
flow for simply supported and clamped panels with and without
cavity effect. These results indicate that for a panel with aspect
ratio a/b = 0.5, response becomes nonlinear for A > 460, simply
supported panel no cavity, A > 430, simply supported panel
with cavity; ^ > 600 clamped panel no cavity, A > 550, clamped
panel with cavity. These values were obtained based upon the
upper limit of the linear portion of the curves presented in
Fig. 5. Thus, for A values larger than the ones indicated, a
nonlinear type analysis is necessary.

1.6-

1,200

Fig. 3 Time history of nonlinear panel response. Fig. 5 The rms response under supersonic flow.
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Fig. 9 Probability density function of response for supersonic flow.

The rms response for subsonic flow and clamped support
conditions is plotted in Fig. 6 against a. It can be observed from
these results that panel response to subsonic flow would become
nonlinear for very large values of parameter a. The effect of
external aerodynamic pressure and cavity pressure is neglected
in this case. However, if cavity pressure is included, panel
response under subsonic flow would be reduced.5

Panel under In-Plane Loads
The in-plane loads usually arise from a temperature differential

between plate and boundary support. The range of values chosen
for in-plane loading includes loads below and above buckling.
The classical Euler buckling load for a simply supported plate
with aspect ratio alb = 0.5 and equal compressive loading on all

-8TT'

Fig. 7 The rms response with in-plane loading.

four edges is Rx = Ry = — 1.257T2, where Rx and Ry are non-
dimensional in-plane loads, i.e.,

Rx = Nxa2/D, Ry = Nya2/D
with Nx and Ny being the in-plane stress resultants externally
applied. Buckling load for the same panel but with clamped
edge conditions is approximately equal to Rx = Ry = — 3.95n2

(Ref. 13). Results were also obtained for the cases when in-plane
loads are applied in tension.

The rms of clamped and simply supported panels is given in
Fig. 7 for several values of Rx. As can be observed from these
results, tensile in-plane loads tend to stabilize panel response
while compressive loads tend to increase panel response. The
compressive loads which are far below the critical buckling load
of the panel have only small effect on panel response. However,
when compressive in-plane loads exceed critical buckling load,
panel response is modified significantly and panel nonlinearities
become more important for this case. Furthermore, with
increasing value of Rx in the postbuckling region the response
amplitudes increase in nonlinear fashion (Fig. 7). This is due to
nonlinear terms included in equations of motion (1-3).

Effect of Static Pressure Differential
A panel under the influence of uniform static pressure

undergoes a static deformation. Time histories of a clamped
panel in supersonic flow are shown.in Fig. 8 for two values of
static pressure differential Ap. The mean response and rms
response values are also indicated in this figure. As can be seen
from these results, dynamic panel response stabilizes at a static
deflection position with increasing static pressure differential.
Similar response trends were observed for a simply supported
panel.

Probability Structure of Panel Response
From panel response time histories, histograms of probability

density function were computed vs standard deviation aw of
nondimensional panel response. In Fig. 9, histograms of
probability density function for a clamped panel and supersonic

, rms = 0.07, mean = 1.1

LOOT

Fig. 8 Time history of panel response with static pressure. Fig. 10 Probability density function of response for subsonic flow.
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Fig. 11 Probability density function of response peak distribution for
subsonic case.

flow are shown for two values of parameter A, i.e., corresponding
to linear and nonlinear response. With decreasing A, response
amplitude distribution tends towards a gaussian form, while
nonlinear response exhibits nongaussian distribution. Similar
results are presented in Fig. 10 but for subsonic flow and linear
panel response. Theoretical distribution curves corresponding to
linear response are also presented in these figures. Histograms
of probability density function for a simply supported panel
show similar distribution trends.

Peak Distribution
The probability density of the peaks for a clamped panel and

subsonic flow is given in Fig. 11. Similar results are presented
in Fig. 12 for supersonic flow. In Fig. 13, peak distributions
are given for the same panel under supersonic flow for the cases
with in-plane loading, static pressure differential and cavity effect.
These results indicate that for nonlinear response, peaks are
clustered at a specific threshold level aw while linear response
shows a wider peak distribution.

Threshold Crossing
Deflection response crossing rate at various threshold levels

for <jw is presented in Fig. 14 for a clamped panel under subsonic
boundary-layer flow. Threshold crossing for supersonic flow is
given in Fig. 15 for simply supported and clamped panels.

Response Spectral Density
Nondimensional deflection response spectral densities were

computed by applying FFT technique to response time history
of the panel. For clamped panels, spectral densities are plotted
against frequency parameter co* = co(D/pmha4)~il2 where co is
vibration frequency in rad/sec. Response spectral density for a
clamped panel and subsonic flow is given in Fig. 16. Since
deflection response was computed at the midspan for this case,
only peaks corresponding to odd modes appear. Because
turbulent boundary-layer pressure spectrum for subsonic flow

No cavity
Rx = Ry=0
Ap = 0

—— X=960
— - - X=760
—— X = 360

5.0

2.5

-2

Fig. 12 Probability density function of response peak distribution for
supersonic case.
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^

— i
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—

•67T2

—Ap=0.05

1,

Fig. 13 Probability density function of response peak distribution with
cavity, in-plane loading and static pressure.

has a peak near co* = 250, higher modes are amplified more than
the lower modes. In Figs. 17 and 18, response spectral densities
for the same panel but supersonic flow at £ = 0.75 are given for
several values of parameter L These results indicate a gradual
merge of first and second mode peaks into one peak as the
value of parameter A approaches the flutter condition. Response
spectral density for a simply supported panel and supersonic flow
is plotted in Fig. 19 but against frequency co instead of co* as used
for clamped panel.

5. Remarks on Simulation and Computation
The method used in this paper provides an efficient tool in

studying intensities and statistical properties of flexible elastic

100

80

60

40

20

N = number of
crossings per
unit T

0 1 2 ^ - 3

Fig. 14 Response threshold crossing for subsonic flow.

——— Clamped
——— Simply Supported

Fig. 15 Response threshold crossing for supersonic flow.
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Fig. 16 Response spectral density for subsonic flow.

panels to subsonic and supersonic boundary-layer turbulence.
This method is not limited only to boundary-layer turbulence
excitation. It can be extended to accommodate any
multidimensional or multivariate random excitation.

The response calculations were obtained over time interval
3.4i. The computer time for a typical run on IBM 360/91 was
about 50 sec. This includes simulation of boundary-layer
turbulence, numerical integration of equations of motion,
temporal averaging to obtain rms values, calculations of pro-
bability density, peak distribution, threshold crossing and
response spectral density.

6. Conclusions
In this paper criteria for nonlinear response of clamped and

simply supported panels were established. The dynamic response
amplitudes of fixed panels were found to be about 33% lower
than those of simply supported panels under identical flow
conditions. Maximum response amplitudes were observed on the
order of 1.6 times the over-all rms value for nonlinear response,
and on the order of 3.0 times the over-all rms value for linear

20 40 60 80 100 120 140

Fig. 17 Linear response spectral density for supersonic flow and clamped
panel.
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I

Fig. 18

20 40 60 80 100 120

Nonlinear response spectral density for supersonic flow and
clamped panel.

response. When cavity pressure or compressive in-plane loading
was included, panel response amplitudes were increased under
supersonic flow conditions. The effect of static pressure
differential was to decrease vibration amplitude and to stabilize
panel response to a fixed static position.

It was observed that the probability structure of linear panel
response is gaussian while nonlinear response is nongaussian
exhibiting a bimodal type distribution. This is due to the fact
that the rate of response increase is large when panel goes
through neutral equilibrium position and no stretching of the
midplane surface occurs. However, when deflections reach non-
linear range, midplane stretching occurs slowing down the rate of
deflection. Thus, probability density function is at a maximum
when (7W reaches response peaks and then drops sharply to zero
since the peaks are concentrated in a narrow band as can be
observed from peak distribution results.

1,200

Fig. 19

.,-rad/sec

Nonlinear response spectral density for supersonic flow and
simply supported panel.
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Threshold crossing rate of clamped panels was observed to be
about 3 crossings/unit i higher than for simply supported panels.
This would indicate a shorter fatigue life for clamped panels at a
given stress level. The effect of in-plane loads, static pressure
differential and cavity pressure on peak distribution and
threshold crossing was to extend distribution and crossing
regions to higher levels of aw. It was observed that the linear
response showed a wider range of peak distribution and higher
crossing rates than nonlinear response.

Spectral density corresponding to linear response exhibited
peaks at the natural frequencies of the panel. However, when
response amplitudes reached nonlinear panel flutter region, only
one distinct peak at the flutter frequency occurred. This peak
occurred at a frequency slightly lower than the second mode
natural frequency of the panel. The input spectrum corresponding
to boundary-layer turbulence is wide band random process as
can be observed from Fig. 1. Thus, many vibration modes could
be excited. However, when panel response reaches flutter
condition, the response is dominated by the external aerodynamic
pressure with boundary-layer turbulence having only a small
effect. This phenomenon is clearly observed from response
spectral densities (Figs. 16-19) where a gradual excursion into
flutter region is shown.
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